









































































































Cohomology of Arithmetic Groups
General special linear Groups Gln2 Sln2

The symplectic Group span 2

subgroup of Shank that preserves standard symplectic
form

22h Lei ez en ei en
Id

w ei ej dig w ej ei
w ei ej 0 w ei ej Id

n genus
Note Spa She

conIY.ttk spnz span p

Groupcohomology Hca Q H of a classifying
Spe for

For G f i Spank have a top ved n

beyondwhich H G Q 0

model for classifying space of dim m

For Gcp GLn2 ved E

Note For this talks fix the 2 in span2

But everything can be done in more generality
























A tool for computations The Steinberg Module

k

unstable unstable

Jung Jang
nHKSink Q H Spank Q

Unstablerange Difficult
know there is lots of cohomology
but don't know many actual classes

Thm Borel serve Bieri Eckmann

for G cp Sink we have H G Q Hi G 10
SteinbergModule

For G Cf i Span2 we have
µ G Q E H G StinQ

symplecticFinbergModule

Will define Steinberg modules later

For now It is the top homologyof
the

Titsbuilding a combinatorial model for
d of sym spaces for S1 Sp

Can define Stalf StenIF for any field
For finite IF we know the rank



compute H G stina by building free flat G resolutions

of Stinch then take G coinvariants

E F Fo Sten 0

E a F a Foa 0

Often these partial resolutions are built byconstructing
suitable simplicial complexes and proving high connectivity

results

on them

Whyhighconnectivity Eg VanishingHxgroups Gittinsof
Iowanings890,9ha is gardeners
etc

Larger resolutions easier to construct but harderto use

smaller resolutions very hard to construct easier to use

Depending on intended applications both can have their uses

Thmfleeszczarba.FI constructionof flat resolution
Fz F Fo Stink 0

Clfg q
o alternating sum

lines

Thmleestctarbe.IM 5 Q Ho Tnf StnQ1

StuGTues I Stn 1B

rank stuff 3



In 2024 Ash Miller Petzt established a Hopfalgebra
structure on Hr Gina Stn using this resolution

Independently BrownChan Galatius Payne 2024 alsoproved
a Hopf algebra structure using very different

methods
used this to conclude a lot more about H Aln 2 Q

eg growthof thesizes of H
Rinke Both Hopf alg structures are believed to be equivalent

but this has not been provenyet
Lee Szczerba's construction fails for StanQ

Motivationforourresolution Hoping to investigate algebraic

structures on Hespank Stein

ThmPI construction of a flat resolution
of St IF for field IF

ThmI H Tics G Stania tags
Stein 113 Top Hx of Titsbuilding

rank Stanulf 3m T215

Proved this by specialising the resolutionof Sti113
to a presentation

Thisprof theoremare falsefor prime levels p 5 by foreg
work of Caporilla searle

CrucialPiece only units in 113 are 1 which are also

units in 2



symplectic Steinberg Module

Tia symplectic Tits Building

Q w w symplectic form

en en en es En w ei Ej dig
w ei ej 0 wfei ej

Vertices
Isotropic subspaces Of W Q2n Wiw 0

simplices Flags OfW EW WpEQ

Eg n 2 Lei es E E
set

Levee life
apartment

see sees eyes E E

set e set es

Es
the Solomon Tits Th E V5

Stin Fen Tanu is generated

by apartment classes



Sketch of construction

since Spa SL already here resolution for Sti

K Fn simplicial complex
vertices lines in 152h

simplices all finite sets of vertices

K 4ᵗʰ

IT 2n
simplices isotropic sets of lines

Fact If 2n Tanu IF
C

C1 4

EI Iii
E

How do we get from I to K

Genus filtration

I C I c C In K

Is lines that span a genus g subspace



spectral sequence for a filtration
need to analyse H I8 I9

Prof H 18 18 1 St W St W

gen.it gaug 1 syntstenberg

of lowergenus

OnPgE'ofspectral sequence

Hen Iⁿ I 1 Hat I I Hn I I Ha E 0

K FM exactness

Inductively use resolutions of each H 18 18 1

to get resolution of StinIF

Resulting presentation of StinIF
V No Stin IF 0

Vo v Wi UnWh

mtgin's Etc
V V1W Vi Wi Xi TunWh

viwe
ygggzt.ispE

mum

Eg of Differential d e enter E E

e.ie CenterE enteret ez e e either e e e


